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$\mathrm{Z}$ : , $\mathrm{Q}$ : , $\mathrm{R}$ : , $\mathrm{C}$ : , $\mathrm{Z}_{p}:P$ , $\mathrm{Q}_{p}:P$ .
2. Mahler measure
, Mahler measure [9] , [10, 11, 12] .
1 (Mahler measure) $F(x)=\Sigma^{d}i=0=a_{i}x^{i}a_{d}\Pi_{i1}d=(X-\alpha_{i})\in \mathrm{C}[x](a_{d}\neq 0)$
Mahler measure $M(F)$ , . . .
$M(F)=|a_{d}| \prod_{=i1}^{d}\max\{1, |\alpha_{i}|\}$
\alpha Mahler measure $M(\alpha)$ , $M(\alpha)=M(F)$ . , $F\in \mathrm{Z}[X]$
$\alpha$ $\mathrm{Q}$ .
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$F(x)=\Sigma_{i=0^{a_{i}}}^{d}X^{i}$ , Landau $M(F)\leq(\Sigma_{i=}^{d}0|a_{i}|^{2})1/2$
[7]. , Mahler nleasure , [2] .
Mahler nleasure .
1
1. \alpha , $1\leq M(\alpha)$ .
2. \alpha , $\alpha\neq 0$ $M(\alpha)\leq A$ , , $1/A\leq|\alpha|\leq A$ .
3. $\alpha$ ,\beta $d$ , $e$ , .
$M(\alpha\beta)\leq M(\alpha)^{e_{M}}(\beta)d$
$M(\alpha\pm\beta)\leq 2de_{M}(\alpha)^{e_{M}}(\beta)d$
: 3 . $\alpha$ ,\beta $\mathrm{Q}$
, , $a,$ $b$ , $\alpha$ ,\beta $\mathrm{Q}$ , , $\alpha_{1},$ $\ldots,$ $\alpha_{d}$ $\beta_{1},$ $\ldots,\beta_{e}$ .
$a^{e}b^{d} \prod_{i=1j}\prod^{e}\{Xd=1-(\alpha_{i}+\beta_{j})\}$
, $\alpha+\beta$ ,
$M( \alpha+\beta)\leq a^{e}b^{d_{\prod_{=1}^{d}}}i=\prod_{j1}\max\{1e, |\alpha_{i}+\beta_{j}|\}\leq a^{e}b^{d_{\prod_{i1}^{d}\square }}=j=1e2$ ax{l, $|\alpha_{i}|$ } $\mathrm{n}\mathrm{l}\mathrm{a}\mathrm{x}\{1, |\beta_{j}|\}$
$. \leq 2^{de}a^{e}b^{d_{\prod_{=1}\mathrm{n}.\mathrm{u}\mathrm{a}}}id\mathrm{x}\{1, |\alpha_{i}|\}^{e}\cdot j=.1\prod\max\{.1e..’|\beta_{j}|.\}^{d}.=$
.
$2^{de}M(\alpha)^{e}M(\beta)d$ . $\blacksquare$
, Mahler measure .
2( )
1. $\alpha$ $d$ . $I$ \alpha (\alpha
), $M(\alpha)\leq A$ , (I, $d,$ $A$ ) $\alpha$
. $I$ , $d$ $A$ $(d, A)$ .
, \mu ,
\mu . . : $r$
2. (I, $d,$ $A$ ) $(J, e, B)$ .
(I, $d,$ $A$ ) $\pm(J, e, B)=$ ( $I\pm J,$ de, $2^{de}A^{e}B^{d}$ )
(I, $d,$ $A$ ) $\cross(J, e, B)=$ ( $I\cross J,$ de, $A^{e}B^{d}$ )
, $I\pm J,$ $I\mathrm{x}J$ [1] .
, Mahler measure ,
. , .
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1 \alpha 1, . .. , $\alpha_{k}$ $\alpha$ . ,
$\alpha_{1},$
$\ldots,$
$\alpha_{k}$ , $\alpha$ 2
$([a, b], d, N)$ . ,
.
1. $a\leq 0\leq b$ $\max\{-a, b\}<1/N$ , $\alpha=0$ .
2. , $\alpha=0$ , $a\leq 0\leq b$ , ,
, $\max\{-a, b\}<1/N$ .
, , [10, 11, 12] .
3. Mahler measure
3.1. Mahler measure
, Mahler nleasure , . ,
$\mathrm{Z}_{p}$ , Qp [13, 5, 14, 6]
.
3( Mahler measure) $V=$ {$p|p$ } $\cup\{\infty\}$ .
1. $F=\Sigma_{i=}^{d}0.X^{i}a_{i}\in \mathrm{Z}[x](a_{d}\neq 0)$ Mahler measure $\overline{M}(F)$ ,
$\overline{M}(F)=\prod_{Vv\in}\overline{M}_{v}(F)$
. , Mv(F) .
$v$ $\infty$ . $F(x)=a_{d}\Pi_{i1}^{d}=(x-\alpha i)(\alpha_{i},\in \mathrm{C})$ , .
$\overline{M}_{\infty}(F)=\prod \mathrm{n}1i=\mathrm{l}d\mathrm{a}\mathrm{X}\{1, |\alpha i|\}$





, $|\cdot|_{p}$ , $|p|_{p}=1/p$ $K_{p}$ $P$ . $(|\mathrm{o}|_{p}=0$ . $a\in \mathrm{Q},$ $a\neq 0$
, $|a|_{p}=_{P^{-e}}$ . , $a=p^{e}b/c(e, b, C\in \mathrm{Z}, (b,p)=(c,p)=1).)$
2. \alpha Mahler measure $\overline{M}(\alpha)$ , $\overline{M}(\alpha)=\overline{M}(F)$ .
, $F\in \mathrm{Z}[x]$ \alpha $\mathrm{Q}$ . , $v\in V$ , $\overline{M}_{v}(\alpha)=$
$\overline{M}_{v}(F)$ .
1 $p\parallel a_{d}$ , $|\alpha_{p.i}|_{p}\leq 1,\overline{M}_{p}(F)=1$ , 3 , .
, Mahler measure .
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2 $P$ , $F,$ $K_{p}$ 3 . $F= \prod_{i=1}^{g}F_{i}$ , , $F_{i}$ $= \sum_{\mathrm{j}=0^{a}}^{d}.i,jx^{j}$
$\in \mathrm{Z}_{p}[x]$ Zp , . , .
$\overline{M}_{p}(F)=\prod_{i=1}^{g}\max\{1,$ $| \frac{a_{i.’ 0}}{a_{id_{i}}}|_{p}\}$
: $\alpha_{p,i}$ $\alpha_{p,j}$ $F$ $F_{k}$ , $P$ . , $\alpha_{p,j}$
, , .
$\prod\max\{1, |\alpha_{p,j}|_{p}\}=\mathrm{n}\mathrm{l}\mathrm{a}\mathrm{x}\{1,$ $| \prod\alpha_{p,j}|_{p}\}=\mathrm{n}\mathrm{u}\mathrm{a}\mathrm{x}\{1,$ $| \frac{a_{k,0}}{a_{k.d_{k}}}|_{p}\}$
$\blacksquare$
Mahler nleasure Mahler nleasure ,
.
3 $F\in \mathrm{Z}[x]$ , , $\alpha$ . , .
1. $1\leq\overline{M}(F)\leq M(F),$ $1\leq\overline{M}(\alpha)\leq M(\alpha)$ .
2. \alpha , $\overline{M}(\alpha)=M(\alpha)$ .
:
1. $F$ 2 . , $1\leq\overline{M}(F)$ , .
, . $F$ 2 . $a_{i,0},$ $ai,d_{i}\in \mathrm{Z}_{p}$
, $|a_{i,0}/a_{i,d_{i}}|_{p}\leq|1/a_{i,d_{i}}|_{p}$ . , $|1/a_{i_{\mathit{1}}d_{i}}.|_{p}\geq 1$ , 2 ,
$\overline{M}_{p}(F)\leq\prod_{i=1}^{g}|\frac{1}{a_{i,d_{i}}}\frac{1}{a_{d}}|_{p}$
. $p \text{ }\prod \mathrm{P}|1/a_{d}|_{p}=$ $|a_{d}|$ , .
$\overline{M}(F)=\prod\overline{M}_{p}(F)\cdot\overline{M}_{\infty}(F)p$
$\leq\prod_{p}|\frac{1}{a_{d}}|_{pi=}\prod^{d}\mathrm{n}\mathrm{l}\mathrm{a}\mathrm{X}\{1, |\alpha i|\mathrm{l}\}=|a_{d}|\prod_{1i=}\max\{1, |\alpha d.i|\}=M(F)$.
2. $\mathrm{Q}$ 1 . $\blacksquare$
, Mahler measure .
4 $\alpha$ , $K=\mathrm{Q}(\alpha)$ .
1. $v$ $\infty$ , $K$ , r14 , 2r2 $(r_{1}+2r_{2}=$
$[K:\mathrm{Q}])$ . , $|$ : $|$ $K$ $|\cdot[\ldots$ , $|\cdot|_{r_{1}+r_{2}}$. . ,
rl $\mathrm{R}$ , r2 $\mathrm{C}$ , , .
$\overline{M}_{\infty}(\alpha)=\prod_{=i1}^{r+}\max\{1, |1r2\alpha|_{i}\}$
, $\mathrm{C}$ 2 (7137H 1 ).
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2. $v$ $P$ , $K$ , $|\cdot|_{p}$ $|\cdot|_{p.1},$ $\ldots$ , $|\cdot|_{p,g}$
. , $g$ , 2 $g$ ( $F$ $\alpha$ )
. , $|$ . | . , $K$ $|\cdot|_{p_{-}i}$.
. $K_{p,i}$ . Kp4/Qp $e_{p.i}.$ , $f_{p,i}$ ,
$|p|_{p.i}\ovalbox{\tt\small REJECT} p^{-e:fp,i}=p$, . , .
$M_{p}( \alpha)=i1\prod_{=}\max\{1, |\alpha|_{P^{i}},\}$
: 2 . ,
$|- \alpha|_{p,i}=|N_{K,/p}\mathrm{Q}p(i\alpha)|_{P}=|\frac{a_{i,0}}{a_{i,d_{i}}}|_{p}$
([13] $\mathrm{I}\mathrm{I}$ 1,2,3 ) $\blacksquare$
, , Mahler measure
.
5 $\alpha,$ $\beta$ , , $d$ , $e$ .
1. $v\in V$ , $\overline{M}_{v}(\alpha\beta)\leq\overline{M}_{v}(\alpha)e\overline{M}_{v}(\beta)^{d}$ .
2. v. $P$ , .
$\overline{M}_{p}(\alpha\pm\beta)\leq\overline{M}_{p}(\alpha)^{e_{\overline{M}}}p(\beta)d$
$v$ $\infty$ , .
$\overline{M}_{\infty}(\alpha\pm\beta)\leq 2^{ed}\overline{M}_{\infty}(\alpha)^{e_{\overline{M}}}\infty(\beta)d$




$\max\{1, |\alpha i\pm\beta j|_{P},i\}\leq\max\{1, |\alpha i|_{P},i, |\beta j|p,i\}\leq \mathrm{n}\mathrm{l}\mathrm{a}\mathrm{X}\{1, |\alpha i|_{P},i\}$nlaX{l, $|\beta_{j}|P^{i},\cdot$ }
, . $\blacksquare$
32.
, . $\alpha$ , 4
$K=\mathrm{Q}(\alpha)$ $W$ . , $|\cdot|_{w}\in W$ $w\in W$
. - $|\alpha|_{w}\neq 0$ $w\in W$ , $\alpha\neq 0$ .




, $\alpha\neq 0$ , ([13] $\mathrm{I}\mathrm{I}$ 1 ).
$\prod|\alpha|_{\mathrm{w}}=1$
$w\in W$
, $U\subset W$ ,
$1= \prod_{w\in W}|\alpha|_{w}.\leq\prod_{u\in U}|\alpha|_{\text{ }}$ $. \prod_{w\in W}\max\{1, |\alpha|w\}=|\alpha|_{u}\cdot\overline{M}(\alpha)$
, , $\Pi_{u\in U}|\alpha|_{u}\cdot\overline{M}(\alpha)$ 1 \alpha $=0$ .
, $\mathrm{Q}(\alpha)$ $\mathrm{R}$ , $U$ $\mathrm{R}$ –
, $M$ Mahler measure , [10, 11, 12]
, 2, 1 .
y $Q_{p^{\text{ }} }$ – , ,
$\mathrm{Z}_{P}$ , 2, 1 ,
. ( $P$ , \v{C}ebotarev ($.[6]$ P. 410 )
.) ..
4( $P$ )
1. $\alpha$ $d$ , $\mathrm{Z}_{P}$ . $a,$ $\mu\in \mathrm{Z}$
$(\mu>0)$ $a\equiv\alpha$ $(\mathrm{m}\mathrm{o}\mathrm{d}_{P^{\mu})}, M_{p}(\alpha)\leq A$ , $(a, d, A)$ \alpha
$P$ . $a$ $P$ , $d$ $A$ $(d, A)$
, \mu .
2. \mu $P$ $(a, d, A)$ $(b, e, B)$ .
$(a, d, A)\pm(b, e, B)=(a\pm b,$ de, $2^{de}A^{e_{B)}}d$
$(a, d, A)\cross(b, e, B)=$ ( $ab,$ de, $A^{e_{B^{d}}}$ )
, $a\pm b$ , ab $\mathrm{m}\mathrm{o}\mathrm{d} p^{\mu}$ .
2 $a\equiv\alpha$ $(\mathrm{m}\mathrm{o}\mathrm{d} p^{\mu})$ , $\{x\in \mathrm{Z}_{p}|x\equiv\alpha (\mathrm{m}\mathrm{o}\mathrm{d} p^{\mu})\}$ $\{x\in \mathrm{Z}_{p}||x-a|_{p}\leq p^{-\mu}\}$
, [1] . , { $x\in \mathrm{Z}_{p}|x\equiv a$ (nlod $p^{\mu}$ )}
$=a+p^{\mu}\mathrm{z}_{p}$ , , $\mathrm{Z}_{p}$ $\mathrm{m}\mathrm{o}\mathrm{d} p^{\mu}$ .
2( 1 $P$ ) \alpha 1, . . . , \alpha k $\mathrm{Z}_{p}$
, $\alpha$ . , $\alpha_{1},$ $\ldots$ , $\alpha_{k}$ \mu
$P$ , $\alpha$ 4
$P$ $(a, d, N)$ . , .
1. $a\equiv 0$ (nlod $p^{\mu}$ ) $p^{-\mu}<1/N$ , $\alpha=0$ .




. , $P$ .
1 $\sqrt{2}\cdot\sqrt{3}-\sqrt{6}(=.0)$ .
, 11 10 .
$\psi,$ $\psi$ , ,
. .
([1.4142135623, 14142135624], 2, 2),
([1.7320508075, 17320508076], 2, 3),.
([2.4494897427, 24494897428], 2, 6),
. $\sqrt{2}\cdot\psi$ ,
([2.4494897425, 24494897429], 4, 36),
$\sqrt{2}\cdot\sqrt{3}-\sqrt{6}$ ,
$([-0.3\cross 10^{-9},0.2\cross 10^{-9}], 8,429981696)$ ,




2 $P$ . $\alpha\in \mathrm{Z},$ $p|\alpha$ , $|\alpha|<p$ , $\alpha=0$ .
, $p$ \alpha , $|\alpha|_{p}\leq 1/P$ ,





3\alpha $\mathrm{Q}$ $x^{2}+x-1$ , \beta $\mathrm{Q}(\alpha)$ $x^{2}-\alpha x+1$
. , $\gamma=\beta^{5}-1$ $0$ , $\mathrm{Q}(\beta)$ $\mathrm{Q}_{11}$ .
1. $\beta,$ $\gamma^{\text{ } ^{ } },$ $.\overline{M}(\beta)=M(\beta),\overline{M}(\gamma)=M(\gamma)$ . , $\mathrm{C}$
, $M(\beta),$ $M(\gamma)$ . $\alpha\in \mathrm{R}$ , $|\alpha|<2$ , $x^{2}-\alpha x+1.=0$
, 1 . , $M(\beta)=1,$ $M(\beta^{5})=1$
. $\beta^{5}$ $\mathrm{Q}$ 4 , $\overline{M}(\gamma)$ , .
$\overline{M}(\gamma)=M(\gamma)\leq 2^{4}M(\beta^{5})M(1)^{4}=16\cdot 1:1=16$
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2. , $\mathrm{Q}_{11}$ $|\gamma|_{11}$ .
$-(\mathrm{a})$ , mod 11 .
$x^{2}+x-1\equiv 0$ (mod 11)
, $x\equiv 3,7$ (mod 11) . , $\alpha\equiv 3$ (mod 11) .
$x^{2}-3x+1\equiv 0$ (mod 11)
, $x\equiv 5,9$ (mod 11) . , $\beta\equiv 5$ (mod 11) .
$\gamma=\beta^{5}-1\equiv 5^{5}-1\equiv 0$ (mod 11)
, $|\gamma|_{11}\leq 1/11$ .
$| \gamma|_{11}\cdot\overline{M}(\gamma)\leq\frac{1}{11}$ . $16= \frac{16}{11}\geq 1$
, $\gamma=0$ .
(b) , mod 121 $(121=11^{2})$ . , ,
[14] .
.
$x^{2}+x-1\equiv 0$ (mod 11)
3 mod 11 , mod 121 , 36 mod 121 .
$x^{2}-36x+1\equiv 0$ (mod 11)
5 mod 11 , mod 121 , 27 mod 121 .
$\gamma=\beta^{5}-1\equiv 27^{5}-1\equiv 0$ (mod 121)




Mahler measure , ,
. , , $\mathrm{R}$ $\mathrm{C}$ ( )
Qp (mod $P^{\mu}$ ) – .
, Mahler measure ,
$-\backslash \nearrow\backslash \backslash ^{\backslash }$ ,
.
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